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A new method for calculating jet-like QED processes 
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We consider inelastic QED processes, the cross sections of which do not drop with increasing energy. Such 
reactions have the form of two-jet processes with the exchange of a virtual photon in the f-channel. We consider 
them in the region of small scattering angles m/E < 9 < 1, which yields the dominant contribution to their 
cross sections. A new effective method is presented to calculate the corresponding helicity amplitudes. Its basic 
idea consists in replacing spinor structures for real and weakly virtual intermediate leptons by simple transition 
vertices for real leptons. The obtained compact amplitudes are particularly suitable for numerical calculations in 
jet-like kinematics. 



1. INTRODUCTION 

The subject. Accelerators with high-energy 
colliding e + e~, 7c, 77 and beams are now 

widely used or designed to study fundamental in- 
teractions. Some processes of quantum electro- 
dynamics (QED) might play an important role 
at these colliders, especially those inelastic pro- 
cesses the cross sections of which do not drop 
with increasing energy. For this reason and since, 
in principle, the planned colliders will be able to 
work with polarized particles, these QED pro- 
cesses are required to be described in full detail, 
including the calculation of their amplitudes with 
definite helicities of all initial and final particles. 

These reactions have the form of a two-jet pro- 
cess with the exchange of a virtual photon 7* in 
the t-channel (Fig.^J. The subject of our consid- 
eration (for more details see Refs. |1I2| and ref- 
erences therein) is that process at high energies 
(mi is a lepton mass) 

s = 2 Pl p 2 = 4EiE 2 »m? (1) 
for arbitrary helicities of leptons = ±1/2 and 
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Figure 1. Generic block diagram of the two-jet 
process ee — > jet 1 jet 2 . 



photons Aj = ±1. The emission and scattering 
angles 6i are small: 

^<^«1, rn t <\p i± \«E t . (2) 

The corresponding Feynman diagrams of the dis- 
cussed process up to e 5 order are given in |1I2) . 
We mention here only such processes as: single 
and double bremsstrahlung and single pair pro- 
duction in e + e~ collisions, single pair production 
in 7e and double pair production in 77 collisions. 

The processes under consideration have large 
total cross sections. Therefore, they present an 
essential background and they determine particle 
losses in the beams and the beam life time. Since 
all these reactions can be calculated with high 



2 



accuracy independently of any model of strong 
interaction, they can usefully serve for monitor- 
ing the luminosity and polarization of colliding 
beams. Besides, the methods for calculating he- 
licity amplitudes of these QED reactions can be 
easily translated to several semihard QCD pro- 
cesses such as 77 — > qqQQ and 77 — > MM', 
77 -> Mqq (see j3U). 

All these properties of the jet-like QED pro- 
cesses justify the growing interest in them from 
both the experimental and theoretical commu- 
nities in high-energy physics. Particular prob- 
lems related to these processes were discussed in 
a number of original papers and in reviews such 
as |5l(:ij . But only recently (see Ref. [7]) the highly 
accurate analytical calculation of the helicity am- 
plitudes of all jet-like processes up to e was com- 
pleted. In the above-mentioned original papers 
different approaches have been used. In our pa- 
pers |1I2| we have developed a new simple and ef- 
fective method to calculate those processes. For 
simplicity, in this contribution we restrict our- 
selves to bremsstrahlung processes only. 

The form of "the final result". At high 
energies the region of scattering angles J2J gives 
the dominant contribution to the cross sections 
of all QED jet-like processes. In this region we 
obtain all helicity amplitudes with high accuracy, 
omitting only terms of the order of 



mi 
Ei 



(3) 



or smaller. The amplitude Mfi has a simple fac- 
torized form 



M fi = ^JiJ 2 
q 2 



(4) 



where the impact factors J\ and J 2 do not de- 
pend on s. We give analytical expressions for J\ 
and J 2 . They are not only compact but are also 
very convenient for numerical calculations, since 
large compensating terms are already cancelled. 
It is well known that this problem of large com- 
pensating terms is very difficult to manage in all 
computer packages. The discussed approximation 
differs considerably from the known approach of 
the CALCUL group in which terms of the order 
of TOi/|pix| are neglected. 



Three basic ideas: (i) a convenient decom- 
position of all 4-momenta into large and small 
components (using the so-called Sudakov or light- 
cone variables); (ii) gauge invariance of the am- 
plitudes is used in order to combine large terms 
into finite expressions; (iii) the calculations are 
considerably simplified in replacing the numera- 
tors of lepton propagators by vertices involving 
real leptons. 

All these ideas are not new. In particular, the 
last one is the basis of the equivalent-electron 
approximation |8I9| and has been used to calcu- 
late some QCD amplitudes with massless quarks. 
However, the combination of these ideas leads to 
a very efficient way in calculating the amplitudes 
of interest just in the jet kinematics. 

2. METHOD OF CALCULATION 

Sudakov or light-cone variables. We use 

light- like 4- vectors P\ and P 2 : 



Pi 
Pi 



Pi P2, P2 — P2 Pi 

s s 
-- Pl = , 



and decompose any 4-vector A as 



A = x A P 1 +y A P 2 + A ± , A 2 
2AP 2 2AP X 



sxaVa 



A\ 



X A 



VA 



(5) 



(6) 



s s 
The parameters xa and tja are the so-called Su- 
dakov variables. The 4- vectors pt of particles from 
the first jet have large components along P\ and 
small ones along P 2 , i.e. 



2 Pl P 2 



Ei 



2 Pi Pi 



PL 



(7) 



s Hi\ s sxi 

Therefore, in the limit s — > 00 the parameters 
Xi are finite, whereas y,i are small. The Sudakov 
variable Xi is the fraction of energy of the first 
incoming particle carried by the z-th final particle. 
The Sudakov parameters x q and y q for the virtual 
photon are small. 

Let e = e( A )(fc) be the polarization 4-vector 
of the final photon in the first jet. Using gauge 
invariance, this vector can be presented in the 
form 

-2k ± e ± 2kP 2 , . 
e = y e P 2 + e_L , y e = , x k = , (8) 

SXk s 
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where 

- (A) 



A (o, i, iA, 0) 



,(-A)» 



(9) 



Therefore, e±_ does not depend on the 4-momen- 
tum of the photon k contrary to the polarization 
vector e itself. 

Factorization of amplitudes. The ampli- 
tude of Fig. 1 can be written as 



M? ^ M" 
1 q 2 1 



(10) 



where Mf and M% are the amplitudes of the up- 
per and lower block in Fig. ^ It is n °t difficult 
to show that this amplitude can be presented in 
the simple factorized form (@J with 

Jx = — M? P 2fl , J 2 = — M% P lv . (11) 
s s 

At high energies, the impact factor Jj depends 

on Xi, with i e jcti and on the helicities of 

the first particle and of the particles in the first 

jet. We use exactly this form for the concrete 

calculations. 

Due to gauge invariance, we have Mf P^^ — 

— Mf q±fj,/y q , and, therefore, we obtain another 

form of the impact factors: 

J i = -—M?q A 
sy q 



J2 = - 



V2 



M% q±_ v ■ (12) 



This representation is important, since it shows 
that at small transverse momentum of the ex- 
changed photon the Ji,2 behave as 



J\.2 oc |qx| at qj 



0. 



(13) 



In our further analysis we will combine various 
contributions of the impact factor into expres- 
sions which clearly exhibit such a behaviour. 

Vertices instead of spinor lines. Let us 
consider a virtual electron in the amplitude M\ 
with p — (E, p), E > and virtuality p 2 — to 2 . 



Due to jet kinematics, \p 



rn 



< E 2 . We 



introduce an artificial energy E p — y/m 2 + p 2 
and the bispinors u p and v p corresponding 
to a real electron and a real positron with 3- 
momentum p and energy E p . In the high-energy 
limit E-E p = {p 2 - m 2 )/{2E) and 



TO W Up^Up^ + 



P 2 ~ ™ 2 ,.(A) (A) 

4E 2 -P-P- 



(14) 



Using this equation for all virtual electrons, we 
are able to substitute the numerators of all spinor 
propagators by vertices involving real electrons 
and real positrons. These generalized vertices are 
finite in the limit s — > oo. On the contrary, a 
numerator like p + to is a sum of a finite term 
p±+m and an unpleasant combination E~f°—p z j z 
of large terms that requires special care. There- 
fore, those replacements significantly simplify all 
calculations. 

More detailed considerations show that only 
three types of vertices are needed to calculate the 
impact factors involving the emission of real pho- 
tons. The numerator of the spinor propagator 
p + to in (|14fl consists of two terms. The first 
term corresponds to the simple replacements 



p + m -> u p x) u p x) 



(15) 



and leads to the vertex for the transition e(p) + 
7*(g) — * e(p') (where 7*(<?) is a virtual photon 
with energy fraction x q = and an "effective po- 
larization vector" e q = y/2P2/s) 



V(p) = Vxx'ip) = u p X ] e q Up 



-E' 



W = V2—6xx'$ (16) 



and to the vertex for the transition e(p) — > e(p') + 
7(fc) (where 7(fc) is a real photon with helicity A) 

V(p, k)^u p X ' } e^*u^ = 

S xx ,2 (e< A >*p) (l-s* Ai _ aA ) + 



+S\,-\> S\,2\ V2 



mx 



with x = u/E and 



$ — — \ I ~~~ J(*V-*v) t ep = e± , p± 



K± 
X 



(17) 



(18) 



The second term in p + to of (|14(l corresponds 
to the more complicated replacement 

P 2 "™ 2 (A) _(A) _ P 2 - m 2 ~ 
p + m^ — j-^ — ^-p^-p ~ AT7:T7 , Pi- (19) 



AE 2 



AEEn 



Since this expression contains a factor propor- 
tional to the denominator of the spinor propa- 
gator, that denominator is cancelled and a new 
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vertex with four external lines (incoming and out- 
coming leptons and two emitted photons) can be 
introduced: 



(20) 

< ^' ) e^>(k 2 )P 2 e^>(k 1 )u^ 



V(p,ki,k 2 ) = 
1 

~ A(E-uj 1 )E 2 " p 
E' 

= -2— SwiS^^x 5k 1 -a 2 <& 

E — LOl 

with <f> defined in l|18|l . This vertex is similar to a 
vertex with four external particles in scalar QED. 

3. IMPACT FACTOR FOR THE SINGLE 
BREMSSTRAHLUNG 

The impact factor for the single brems- 
strahlung along the direction of the first electron 
corresponds to the virtual Compton scattering 
e(pi) + 7*(<?) - * e-ijps) + 7(fc) and has the form 



Ji(e Xl + 7* -* e\ 3 + 7a) = Ana x 



(21) 



_ / i q (pi — k + m)e* e*(p 3 + k + m)e q \ 
u 3 ^ — ; ^ — i u i 



2pifc 



2p 3 k 



Here for p\ — k + m and p 3 + k + m we can 
use the simple substitution l|15|) that allows us to 
eliminate the numerators of the two spinor prop- 
agators and to introduce the vertices V(p) and 
V(p,k): 

Ji = Ana x (22) 
V(p u k)V( Pl -k) _ V( Pl )V(p 3 + k,k) 
2p\k 2p 3 k 

This impact factor depends on the energy frac- 
tions x = ui/Ei, X 3 = E3/E1, and the trans- 
verse momenta k^, of the final particles in 
the first jet with the relations: x + X 3 — 1 and 
kj_ + P3_l = q_L- In particular, the denominators 
in are: 

2 Pl k = (m 2 x 2 +ki)/x, (23) 
2p 3 k = [m 2 x 2 + (k ± - a;q) 2 )]/[x(l - x)\ . 

We further rearrange J\ into an expression 
which clearly exhibits the behaviour 1)13(1 . Using 
the simple relation 

V(p 3 + k,k) =V(pi + q,k) = (24) 
V( Pl ,k) + 2 (q±e^*) (1-x5 a ,_2aJ 5 Xl \ 3 , 



S XlXs 2 {e^-p l} x 



we immediately obtain the final result 
J 1 = \[2Ana 

(1 - X<5a,-2Ai) + ^A i: -A 3 ^A,2Ai V2 

+<?±5i j $13 , 
where 

A l = — . <T> 



(25) 



1 



2p\k 2p 3 k 



13 



<X 3 



(A)* 



Bx =- 



P3& 



(1 - xS A _2Ai) S Xl X 3 



i(^3V3-Ai¥Ji) 



(26) 



The impact factor (|25(l is a simple and compact 
expression for all 8 hclicity states written in a 
form that all individual large (compared to q±) 
contributions are cancelled. Indeed, the last term 
in Ji is directly proportional to q± and Ai oc q±^ 
due to J33J). 

4. IMPACT FACTOR FOR THE DOU- 
BLE BREMSSTRAHLUNG 

The impact factor J± for the double brems- 
strahlung along the direction of the first electron 
e(pi)+J*{q) — » e(p 3 )+j(k 1 )+j(k 2 ) corresponds 
to six diagrams, three of them are shown in Fig. [21 

Notations. J\ depends only on the energy 
fractions x\ 2 — ^1,2/ E\, X 3 = E 3 jE\ with x\ + 
x 2 + X 3 = 1 and on the transverse momenta of 
the final particles in the combinations: 

q± = h± + k 2 ± +P3±, Tj = X 3 k J± - xjp 3 ±, (27) 

= kj x ^Kjy, Q = q x + i<Zj/j Rj = Tj x + irjy. 

The denominators of the spinor propagators are: 



aj = -(pi~ kj 



2 1/22 

m = — -(m x i 



bj = (p 3 + kj) 2 ni 2 = 



XjX 3 



(m x 



2 „2 
3 



ai2 = a 2 i = ~(pi - ki - k 2 ) + m = 
1 2 
= ai + a 2 (zik 2 _L - a^kuj 

&12 = &21 = (P3 + fcl + fe) 2 - TO 2 = 
1 2 

= bi + b 2 H (xik 2 ± - x 2 kij_) 

X\X 2 



(28) 



5 



Pa 



Z>3 



fci 



Figure 2. Feynman diagrams for the impact fac- 
tor related to the double bremsstrahlung, dia- 
grams with fci <-> fc 2 photon exchange have to 
be added. 



General formula. To calculate the impact 
factor Ji, we follow along the electron line from 
left to right in the diagrams of Fig. [21 and write 
down the corresponding vertices: 

Ji = V(pi,k 1 )V( Pl -k ll k 2 )V(p 3 -q) 
(Ana) 3 / 2 a±ai2 
Vjpuki) Vjjpx - fci) Vjjpi - fci + q, k 2 ) 
aib 2 

| V( Pl ) Vjjpx + q, fci) Vjpi -h+q, k 2 ) 
bi 2 b 2 

V{pi,k l ,k 2 )V(p 3 - q ) 
ai2 

, ^(pi)F(pi +q,k u k 2 ) 



+ (ki <-> fc 2 ) . 

Then we present Ji in the form 
Ji = V2 (47ra) 3/2 A 3 (1 + Vu) > 



(29) 
(30) 



M 



Ai A 2 



(xi,X2, fel_L, fc 2 ±,P3±) $13 : 



where we introduce the permutation operator 

Vi 2 f(ki,ei;k 2 ,e 2 ) = f(k 2 ,e 2 ; fei,ei) (31) 

and the factor $13 from (|26[) which includes the 
common phase. This allows us to omit below 



all factors $ from the vertices V(p), V(p, k) and 
V(p, ki,k 2 ). 

Using relations similar to (|24J) . we transform 
M into an expression which clearly exhibits the 
behaviour i|13|) : 

x*K*z = 

+A 2 (pi , fci ) 1^ (fa - fea + q, h)+ (32) 



+q^B 2 ^+A 2 V^(p u k 1 ,k 2 ), 
where 

A _ X 3 l-x x 1 
aiai2 0102 oi 2 o 2 

% X 3 1 
A 2 = + — 

012 012 

and the transverse 4-vector B 2 is 



(33) 



B 



AiA 2 

2 Ai A 3 



= -A 3 



2e 



(A 2 )> 



1 - 



x 2 



2e 



1 — Xi 

(Ai)* 



<5a 2 



-2A< 



(34) 



b\ 2 b 2 



X (1 - Xi 5ai,-2Ai) ■ 

Now it is not difficult to check that A 2 oc gj_, 
A 2 oc q± and, therefore, Ji oc q±_ as well. 

Again equations i|30|) and (|32|l represent a very 
simple and compact expression for all 16 helicity 
states, where all individual large (compared to 
q± ) contributions have been rearranged into finite 
expressions. 

Explicit expressions. To find the amplitudes 
with given initial and final helicities, it is suf- 
ficient to substitute in the above equations the 
expressions for the vertices. As a result, we find: 



Mtt 



21 A, 



K\R* 2 K{Q* 



Q*R* 2 



' x\x 2 X 3 xiaidtf x 2 X 3 b 12 b 2 J 

m-- = x 3 (m++y , 

M++ = -2(1 -Xi) 

KiF% KiQ* QR* 2 



x A 



MT7 = 



x\x 2 X 3 £iaiai2 a; 2 A 3 6i 2 6 2 
A 3 



(i- Xl y 



M7 



(35) 
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2 a XlX 2 

m A 2 - 



1 - Xx V * *3 

M+Z = 2mx 1 (a 2 

X2 



Q 



M7 + = 2m 



A 



x 2 X 3 
Ki 



01O12 
g 



M+r = o ; 

M+± = - 



1 



Ml 



1 — a;i " 

Other amplitudes can be found due to the parity 
conservation relation 



— Ai —A3 



Ai A3 



(36) 



The generalization of the results obtained 
for the single and double bremsstrahlung to 
the bremsstrahlung of n photons can be done 
straightforwardly. To demonstrate this, we have 
considered in detail the case n = 3 in 1 . 

5. SUMMARY 

1. We have formulated a new effective 
method to calculate all helicity amplitudes for 
bremsstrahlung jet-like QED processes at tree 
level. The main advantage of our method con- 
sists in using simple universal "building blocks" 

- transition vertices with real leptons. Those 
vertices replace efficiently the spinor structure in- 
volving leptons of small virtuality in the impact 
factors, making the calculations short and trans- 
parent for any final helicity state. 

2. In the considered case of bremsstrahlung 
we have found that only three nonzero transition 
vertices are required. The properties of these ver- 
tices determine all nontrivial general properties of 
the helicity amplitudes (for details see |1I2|1. 

3. We have outlined in this contribution 
how to calculate the impact factors for single 
and double bremsstrahlung. The case of triple 
bremsstrahlung can be found in 1 . It allows us 
to give a complete analytic and compact descrip- 
tion of all helicity amplitudes in e^e^ scattering 
with the emission of up to three photons along 
the directions of each initial leptons (in that case 
2 5 x 2 5 = 1024 different helicity amplitudes are 
involved). The corresponding calculations for the 
case of lepton pair production can be found in . 



4. Since by construction individual large (com- 
pared to q±) contributions have been rearranged 
into finite expressions, the formulae obtained for 
the amplitudes are very convenient for numerical 
calculations of various cross sections. 
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